Abstract. Given a fixed product of non-isogenous abelian varieties at least one of which is general, we show how to construct complete families of indecomposable abelian varieties whose very general fiber is isogenous to the given product and whose connected monodromy group is a product of symplectic groups or is a unitary group. As a consequence, we show how to realize any product of symplectic groups of total rank g as the connected monodromy group of a complete family of g ′ -dimensional abelian varieties for any g ′ ≥ g. These methods also yield a construction of a new Kodaira fibration with fiber genus 4.
Introduction
If C is a smooth algebraic curve, then its Jacobian J(C) is indecomposable as a principally polarized abelian variety, meaning that J(C) cannot be written as the product of smaller-dimensional principally polarized abelian varieties. However, ifC is another smooth algebraic curve equipped with a finite mapC → C, then although J(C) must also be indecomposable, the Jacobian J(C) is not simple as an abelian variety because J(C) is isogenous to a product of smaller-dimensional principally polarized abelian varieties, one of which is J(C).
In this paper, we investigate the phenomenon of indecomposable yet non-simple abelian varieties in families in the context of studying monodromy. For any family f : A → B of complex abelian varieties, where B is an algebraic variety and A b is a very general fiber, the connected monodromy group T (A ) is the connected component of the identity of the Q-Zariski closure of the image of the monodromy representation Φ : π 1 (B) → GL(H 1 (A b , Q)). Our interest is thus in studying complete families of indecomposable non-simple abelian varieties with specified monodromy. We prove: (
1) The base B is a smooth projective variety of dimension d (2) Every fiber of f is indecomposable. (3) If A is a very general fiber of f , then
A ∼ A c,1 × · · · × A c,r × A v,1 × · · · × A v,s .
(4) The connected monodromy group of f : A → B is
where V v,j = H 1 (A v,j , Q) for each 1 ≤ j ≤ s.
One motivation for this result comes from the study of the possible fundamental groups of a smooth projective variety, or relatedly, the possible monodromy representations of a family of smooth projective varieties. Simpson shows in [Sim92] that any representation of the fundamental group of a smooth projective variety into a reductive group can be deformed to one coming from a variation of Hodge structures. Recently, Arapura has shown [Ara17, Section 2] that if f : X → Y is a smooth projective morphism of smooth projective varieties with fiber F and ρ is the corresponding monodromy representation, then for every choice of normal subgroup N of π 1 (F ) and character χ of the quotient, the representation ρ gives rise to a representation ρ N,χ which is the monodromy representation of a polarizable variation of Q-Hodge structures of type {(−1, 0), (0, −1)} over somẽ Y such that there is a surjective generically finite morphism of smooth varieties p :Ỹ → Y .
Using the equivalence between polarizable Q-Hodge structures of type {(−1, 0), (0, −1)} and complex abelian varieties up to isogeny, it is thus natural to consider monodromy representations arising from families of abelian varieties and ask what groups can arise as their connected monodromy groups. With this motivation in mind, Theorem 8.1 yields the following consequence: 1.1. Kodaira fibrations. The motivation for focusing on families whose fibers are indecomposable non-simple abelian varieties in all of the above results comes from questions about the monodromy of Kodaira fibrations. Note that by repeated use of the Lefschetz hyperplane theorem, any group which is the fundamental group of a smooth projective variety is in fact the fundamental group of an algebraic surface (and in fact of a surface of general type).
Kodaira fibrations are a particular class of algebraic surface of general type given by a nonisotrivial fibration f : S → B to a smooth algebraic curve B such that all fibers F of f are smooth algebraic curves. The fundamental group of such a surface S is then determined by the induced exact sequence 1 → π 1 (F ) → π 1 (S) → π 1 (B) → 1. This extension is in turn determined by the induced homomorphism Φ : π 1 (B) → Mod(F ) ⊂ O(π 1 (F )) into the mapping class group of F (using that the genus g of F is at least 3 [Kas68] and so the center Z(π 1 (F )) is trivial [FM11] together with the fact that extensions with outer action Φ are parametrized by H 2 (π 1 (B), Z(π 1 (F b ))) [Bro82, Corollary 6 .8]). So it is natural to try to understand the possible connected monodromy groups of the resulting Φ : π 1 (B) → GL(H 1 (F, Q)) in the context of the broader question of understanding the fundamental groups of smooth projective varieties.
Unfortunately there are few known constructions of Kodaira fibrations and in general their monodromy representations are poorly understood. The first examples of such surfaces discovered by Kodaira [Kod67] and independently by Atiyah [Ati69] and Hirzebruch [Hir69] as well as subsequent constructions by Kas [Kas68] , Riera [Rie77] , Gonzalez-Diez-Harvey [GDH91] , Zaal [Zaa95] , BryanDonagi [BD02] , Cattanese-Rollenske [CR09] , and Lee-Lönne-Rollenske [LLR17] rely on taking a suitable ramified cover of a product C 1 × C 2 of curves. In such constructions, the fiber F is a ramified cover of one of the two curves in the product, say C 1 . Hence although the Jacobian J(F ) is indecomposable since F is smooth we know that J(F ) is non-simple in the sense that J(F ) is isogenous to a product of abelian varieties, one of which is J(C 1 ). Thus understanding the behavior of monodromy representations of complete families of indecomposable non-simple abelian varieties over a curve has the potential to shed some led on the question of monodromy of Kodaira fibrations.
In fact, because the Torelli locus in genus g = 3 and g = 4 is of low codimension in A g , the construction techniques developed in the proof of Theorem 8.1 lead to a reproof (Corollary 9.1) of a construction given in [Fla] of a Kodaira fibration of fiber genus 3 with connected monodromy group Sp(4) as well as a new construction of a Kodaira fibration with fiber genus 4: Corollary 9.2. For any choice of elliptic curve E, there exist infinitely many Kodaira fibrations f : S → B with fiber genus 4 such that a very general fiber F decomposes as H 1 (F, Q) = H 1 (E, Q)⊕ W and the connected monodromy group of f : S → B is Sp Q (W ) ∼ = Sp(6, Q).
This provides a new addition to the limited collection of Kodaira fibrations where something about the monodromy representation is understood. Moreover, recent results of Bregman [Bre18,  Theorem A] about Kodaira fibrations with low-dimensional monodromy-invariants imply that there then exists an elliptic curve E ′ and a ramified covering F :
1.2. Unitary Groups. In addition to the above results, we prove a result similar to Theorem 8.1 in Theorem 10.4 in the case of the connected monodromy group being a unitary group. Rather than prove a full analogue of Theorem 8.1, in this unitary group case, we require that the fixed part A c,1 × · · · × A c,r of the family consist of pairwise non-isogenous elliptic curves without CM and the varying part consist of a single simple abelian variety with endomorphisms by a fixed imaginary quadratic field L.
In fact, a much more general version of Theorem 10.4 which would be more directly analogous to Theorem 8.1 should be true, however the dimension-counting combinatorics become more involved and the issues involving the computation of the Mumford-Tate group become more subtle when multiple imaginary quadratic fields are involved.
The precise language of abelian varieties with endomorphisms by an imaginary quadratic field will be introduced in Sections 2 and 10, where we will introduce the moduli space Z L (p, q)[n] of p+q-dimensional principally polarized abelian varieties with level structure n that have endomorphisms by the imaginary quadratic field L via a fixed action determined by positive integers (p, q).
Rather than state here the precise Q-group arising as the connected monodromy group of the families we produce, we can summarize Theorem 10.4 as: (1) The base S is a smooth projective variety of dimension
In analogy with Corollary 8.2 above, we deduce Corollary 10.5, which we summarized here as: Corollary 1.2. For any positive integers p, q, and g ′ such that 5 ≤ p + q + 1 ≤ g ′ and any positive integer d ≤ min(2p, p + q − 2, 2q) − 1, there is a Q form of the group SU (p, q) which arises as the connected monodromy group of a d-dimensional complete family of g ′ -dimensional indecomposable abelian varieties over a smooth algebraic variety.
1.3. Techniques and strategy of proof. The main tool used in all the results is the language of Shimura varieties and Hecke correspondences, which we introduce in Sections 2 and 3. Essentially, any element α ∈ Sp(2g, Q) defines a correspondence, called a Hecke correspondence and also denoted α, on the moduli space A g . In fact, in order to work with a fine moduli space we will need to impose a level structure and consider the analogous Y sitting inside
for some n ≥ 3, where A g [n] denotes the moduli space of principally polarized abelian varieties with fixed level n structure. Then this choice of α ∈ Sp(2g, Q) will define a correspondence on A g [n] . Choosing this α to be sufficiently general, one can then use this α to move the locus of decomposable abelian varieties with the desired decomposable to a locus that intersects A dec g [n] in high codimension (see Corollary 6.5).
In order to ensure that we can produce complete families of abelian varieties, we make use of the Satake-Baily-Borel compactification of a Shimura variety, which ensures that the Shimura variety Z can be compactified in such a way that the boundary has high codimension. Hence suppose Y ⊂ A g [n] is a subvariety of A g [n] of the form {P } × Z for some fixed abelian variety P and some Shimura variety Z that parametrizes abelian varieties with some fixed decomposition. Then there is a compactification Y * of Y corresponding to taking the Satake-Baily-Borel compactification of Z. The boundary of this compactification Y * will then have high codimension in Y * .
Hence, by taking a general complete intersection of ample divisors on Y * of the right dimension one can produce a smooth projective variety X with very general fiber of the desired form such that X avoids the boundary of Y * and moreover with the property that for any general α ∈ Sp(2g, Q), the Hecke translate αX satisfies αX ∩ A dec g [n] = ∅ (see Proposition 7.2). Computing the connected monodromy group of the corresponding family A of abelian varieties follows from a result of André [And92, Theorem 1] which says that the connected monodromy group of a variation of Hodge structures over a connected algebraic variety is a normal subgroup of the derived subgroup of the Mumford-Tate group of a very general fiber. Since a very general fiber of A is by construction isogenous to a very general point of Y (and hence they have isomorphic Q-Hodge structures), one can use the properties of the Shimura variety Z to compute the derived Mumford-Tate group of this fiber. In the cases we consider, we then show that the connected monodromy group is in fact equal to this derived Mumford-Tate group.
1.4. Organization. The organization of the paper is as follows. In Section 2 we introduce the Satake-Baily-Borel compactification of a Shimura variety and the principal examples of Shimura varieties and their Satake-Baily-Borel compactifications that will be of use to us. Section 3 then considers the decomposable locus A dec g [n] as well as the locus A mdec g
[n] of abelian varieties with two isogenous simple factors and calculates the dimension of intersection of these loci with the Shimura varieties of interest.
Then in Section 4, we introduce the language of Hecke correspondences and their relationship with isogenies of abelian varieties. In particular, we prove in Lemma 4.2 that an abelian variety A whose endomorphism algebra is a product of fields which are either Q or an imaginary quadratic field has the property that if A ∼ B for some other abelian variety B, then there is a Hecke correspondence α such that αA = B. Section 5 then considers when a decomposable abelian variety remains decomposable under a Hecke correspondence. Section 6 then shows that we may determine which elements of Sp(2g, Q) send points of
by determining which such elements send a product of elliptic curves to A dec g [n] . We then prove in Lemma 6.4 that the elements of Sp(2g, Q) with this property form a proper algebraic subgroup and thus (Corollary 6.5) a general element α of Sp(2g, Q) has the property αY ∩ A dec
. Section 7 then introduces Mumford-Tate groups and Proposition 7.2 determines conditions under which one may produce a complete family of abelian varieties whose connected monodromy group is determined by the Mumford-Tate group of the general element of the family. The proofs of Theorem 8.1 and Corollary 8.2 then occur in Section 8. Section 9 discusses the applications to Kodaira fibrations and in particular the new construction (Corollary 9.2) of a Kodaira fibration of fiber genus 4.
Lastly Section 10 discusses the case of a unitary connected monodromy group in the case that the varying part of the family consists of a single abelian variety with endomorphisms by an imaginary quadratic field. The strategy for proving Theorem 10.4 is slightly different but largely analogous to the proof of Theorem 8.1 and uses much of the previous tools already set up in the paper.
Shimura Varieties and the Satake-Baily-Borel compactification
Recall that a connected Shimura variety Z is the quotient of a Hermitian symmetric domain X + by a congruence subgroup Γ of some reductive algebraic group G defined over Q such that G(R) acts on X + by conjugation.
The Satake-Baily-Borel compactification (Γ\X + ) * of Γ\X + , first constructed in [BB66] , has the structure of a projective algebraic variety and the property that the boundary consists of finitely many explicitly described connected Shimura varieties attached to particular subgroups of G.
The principal examples of connected Shimura varieties that will be of interest to us in this paper are the following:
Example 2.1. The moduli space A g = Sp(2g, Z)\H g of principally polarized abelian varieties (A, λ) of dimension g, where H g denotes the Siegel upper half-space of degree g, is a connected Shimura variety of dimension 1 2 g(g + 1). Since this A g is only a coarse moduli space, in order to work with a fine moduli space we will need to impose a level structure and consider, for some fixed n ≥ 3 the Shimura variety
is the moduli space of principally polarized abelian varieties with this fixed level structure n ≥ 3. The Satake-Baily-Borel compactification
has the property that its boundary is the union of strata
In particular, the boundary
For such fixed positive integers p, q such that p+q = g, consider the Hermitian symmetric domain
Then for a given imaginary quadratic field L the connected Shimura variety
parametrizes g-dimensional principally polarized abelian varieties A with level n structure such that L ֒→ End Q (A) with given action described by the integers (p, q). This Shimura variety
The strata of the boundary of the Satake-Baily-Borel compactification
The Decomposable Locus of Abelian Varieties
Fix an n ≥ 3 and let A g [n] be the fine moduli space of principally polarized abelian varieties (A, λ) with level structure n.
We will also want to consider the locus of non-simple abelian varieties that have two isogenous factors. We denote this locus
The purpose of this section is to collect a number of combinatorial computations describing the dimension of intersection of A mdec g
[n] with the sub-loci of A dec g [n] that will be of interest to us in what follows.
The locus
Proof. We will write points of Z as products A 1 × · · · × A r of abelian varieties where by assumption
Note that if i = j we have
with minimal codimension in Z is the component B 1,2,1 , which has codimension g 1 + g 2 − 1.
In the case i = j, we have
Hence when i = j, since 2d ≤ g i the component B i,j,d of Z is of minimal codimension when d = 1. In this case B i,i,1 is of codimension 2g i −2. It follows that a component of the form
with minimal codimension in Z is the component B 1,1,1 , which has codimension 2g 1 − 2. Note that the assumption that 2 ≤ g 1 ensures that B 1,1,1 = ∅.
Since 2g 1 − 2 < g 1 + g 2 − 1, it follows from (1) that 
Proof. We may consider Y as the product {P } × Z, where Z is the product of moduli spaces introduced in Lemma 3.1. Write points of Y as products P × A 1 × · · · × A r of abelian varieties where by assumption
Hence the component C i of Z is of minimal codimension when g v,i is minimal and g c,j is either minimal or maximal. Hence i C i has codimension in Y given by
The result then follows from the decomposition in (2) together with Lemma 3.1.
. For the purpose of our results in Section 10, we collect here some results on the intersection of A mdec
with Shimura varieties of the form Z L (p, q)[n] for some fixed imaginary quadratic field L and positive integers p and q.
If L ֒→ End Q (Z), then both k and ℓ are even and the locus of such points in
This value is maximal when k + ℓ = 2 in which case the maximal value is pq − max(2p, 2q). If L does not embed in End Q (Z), then k = ℓ and the locus of points has dimension
This value is maximal when k = 1 in which case its value is pq − (p + q − 2). It follows that the codimension of 
for some fixed imaginary quadratic field L and positive integers p, q.
. Then Q ∼ Z 2 × Q ′ for some abelian varieties Z, Q ′ . Since the E i are chosen to be pairwise non-isogenous, it follows that Z 2 is not isogenous to a subset of the E i . Moreover, if Z is isogenous to some subset of the E i , then Z × Q ′ must be isogenous to an element of Z L (p, q) [n] . But since none of the E i have CM and none are mutually isogenous, this can only happen if
. In other words,
. In the case that Z is not isogenous to a subset of the E i , then Z has a simple factor Z ′ such that Z ′2 is isogenous to an element of Z L (p, q) [n] . Hence once again, writing Q = P × R, we have that Z ′2 is a simple factor of R and so
, t By Lemma 3.3, this locus has codimension min(2p, p + q − 2, 2q).
Hecke Correspondances and Polarized Isogenies
Definition 4.1. Let Z = Γ\X + be a connected Shimura variety. Recall from Section 2 that this means Γ is a congruence subgroup of some reductive Q-algebraic group G such that G(R) acts on X + by conjugation. The Hecke correspondence associated to an element a ∈ G(Q) consists of the diagram
In the above diagram, both q and q a are finite morphisms of degree [Γ :
If Z ′ is a closed irreducible subvariety of Z, any irreducible component of q a (q −1 Z) is called a Hecke translate of Z ′ , which we denote by aZ ′ .
Suppose that f : A → B is an isogeny between principally polarized abelian varieties (A, λ) and (B, µ). Then the pullback f * µ is a polarization on A. We say that f is a polarized isogeny if there exists an n ∈ Z such that f * µ = nλ. For a more thorough treatment of the distinction between isogenies and polarized isogenies see [Orr17] .
A point Q ∈ A g [n] is a Hecke translate of another point P ∈ A g [n] if and only if P and Q are related by a polarized isogeny. However the set of polarized isogenies between P and Q can be significantly smaller than the set of isogenies between them. For instance, in [Orr17, Proposition 3.1], Orr shows that the isogeny class of an abelian surface with multiplication by a totally real quadratic field contains infinitely many distinct polarized isogeny classes.
The goal of this section is to establish conditions in Lemma 4.2 under which we may conclude that two isogenous abelian varieties are related by a Hecke correspondence. Before doing so, we will establish a bit of notation abelian varieties and their isogenies.
Recall that if (A, λ) ∈ A g [n], the polarization λ is the class of an ample line bundle in N S(A) and that ν induces an isogeny φ ν : A → A ∨ of X to its dual abelian variety A ∨ . Let us denote
Then ν induces an involution, called the Rosati involution, on End Q (A) given by 
Lastly, recall that any polarized abelian variety is isogenous to a product of simple polarized abelian varieties and that this decomposition is unique up to isogeny [BL13, Theorem 4.3.1]. Hence for any A ∈ A g [n] we may write
where the A i are simple non-isogenous abelian varieties and the n i , dim A i , and End Q (A n i i ) are all uniquely determined. We call the A i the simple factors of A (although these are determined only up to isogeny).
simple non-isogenous abelian varieties. Suppose each n i = 1 and End Q (A i ) is either Q or an imaginary quadratic field. Then every isogeny class of (A, λ) is a polarized isogeny class and hence if
, then there is an element α ∈ Sp(2g, Q) such that α(A, λ) = (B, µ). 
Proof. Under the hypotheses of the Lemma, we have that
is isogenous to (A, λ) and let f : A → B be an isogeny. Then f * µ is a polarization of A and so may be viewed as a tuple of integers k i=1 n i . Precomposing the isogeny f with the necessary elements of End A i , we may scale as needed to ensure that all of the integers n i are equal. This new isogeny f ′ : A → B is thus a polarized isogeny.
Hecke Translation and
.
A i with all the A i simple and pairwise nonisogenous. Letting 
we may write αP = B 1 × B 2 for some abelian varieties B 1 and B 2 of dimension strictly smaller than g.
Moreover, since Q ∈ Z, we may write Q ∼ k i=1 X i , where dim X i = g i . Note that these X i are not assumed to be simple, although since Q ∈ A mdec g [n] none of the simple factors of the X i can be isogenous.
Let P 1 ∈ Z be a point such that
Note that since none of the simple factors of P are isogenous, the abelian variety A 1 appears as a simple factor of only one of B 1 and B 2 in the decomposition αP = B 1 ×B 2 . Without loss of generality, suppose A 1 is a simple factor of B 1 . Then since P 1 ∈ Z and none of the simple factors of P 1 are isogenous (so there are no homomorphisms between any of the simple factors of P 1 ), we have that αP 1 = B ′ 1 × B 2 for some abelian variety
. Inductively, suppose that P j ∈ Z where
. We may thus write αP j = C 1 × C 2 for some abelian varieties C 1 and C 2 of dimension strictly smaller than g. Just as above, the abelian variety A j+1 then appears as a simple factor of only one of C 1 and C 2 . Suppose without loss of generality that it appears as a simple factor of C 1 . Now consider a point P j+1 ∈ Z such that
. Thus by induction it follows that
A i with all the A i simple and pairwise nonisogenous. Letting
, the connected Shimura subvariety of A g [n] containing P and parametrizing abelian varieties with the same decomposition as
Proof. Since R ∈ Z we may write R ∼ 
Moreover fix a product of pairwise non-isogenous elliptic curves in A g [n]
Then the point P 0 of A g [n] may be viewed as a point of Z.
The goal of this section will first of all be to understand the elements of Sp(2g, Q)
. We will show (Lemma 6.2) that the subset Γ of Sp(2g, Q) consisting of these elements forms a proper algebraic subgroup of Sp(2g, Q). The second goal of this section will then be to show that the elements of Sp(2g, Q) sending a point of A dec g [n] not contained in A mdec g
[n] to another point of A dec g [n] can be explicitly described in terms of this Γ (Lemma 6.3) and in fact is contained in a finite union of proper subgroups of Sp(2g, Q) (Lemma 6.4). This allows us to conclude (Corollary 6.5) that a general element of Sp(2g, Q) must send any point of
. So to begin, consider the subset of Sp(2g, Q) given by
Let P denote the set of proper partitions of the set {1, . . . , g}. For each λ ∈ P, we may write λ in terms of its components as λ = (λ 1 , . . . , λ s ). The term "proper" then just excludes the partition (1 · · · g).
For any partition λ = (λ 1 , . . . , λ s ) in P let ℓ i denote the length of the component λ i . Hence for any λ ∈ P we have
We then define subsets of Γ by
Lemma 6.1. Consider a partition λ ∈ P and suppose
and there are no homomorphisms between nonisogenous abelian varieties, if αQ ∈ A dec g,λ [n], then the isogeny of Q induced by α decomposes as a product of isogenies of the factors of Q described by the partition λ. Since P 0 is also not contained in A mdec g
[n] and thus has no isogenous factors, it follows that αP 0 ∈ A dec g,λ [n] and so α ∈ Γ λ .
Conversely if α ∈ Γ λ , then the isogeny of P 0 induced by α decomposes as a product of isogenies of the factors of P 0 described by the partition λ and thus preserves the decomposition of the point Q. Hence αQ ∈ A dec g,λ [n]. Corollary 6.2. For any partition λ = (λ 1 , . . . , λ s ) in P, the subset Γ λ ⊂ Γ is an algebraic subgroup of Sp(2g, Q) isomorphic to given by α → αP 0 . Hence Γ λ is a Zariski-closed subset of Sp(2g, Q). We now check that Γ λ is a subgroup of Sp(2g, Q).
It is clear that Γ λ contains Id. Moreover if α ∈ Γ λ , then we know that Q = αP 0 is an element of A dec g,λ [n]. Hence Lemma 6.1 implies that α −1 ∈ Γ λ . Similarly, suppose α, β ∈ Γ λ . Then consider the element αβ ∈ Sp(2g, Q). By Lemma 6.1, since α ∈ Γ λ and βP 0 ∈ A dec g,λ [n], it follows that α(βP 0 ) ∈ A dec g,λ [n]. Hence αβ ∈ Γ λ and so Γ λ is indeed an algebraic subgroup of Sp(2g, Q).
It is clear that the subgroup
, then the isogeny of P 0 induced by α can be written as the product of isogenies of the factors of P 0 described by the partition λ. But since P 0 is a product of elliptic curves no two of which are isogenous, it follows from Lemma 4.2 that for each component λ i of λ, the isogeny of the corresponding factor of P 0 is induced by an element of Sp(2ℓ i , Q). Hence
. Let λ ∈ P be the partition of {1, . . . , g} corresponding to the decomposition of
, where all of the Y i,j are simple and pairwise non-isogenous. Let g i,j = dim Y i,j and let Y ⊂ Z be the connected component through R of the connected Shimura variety parametrizing abelian varieties isogenous to a product i,j Y ′ i,j , where dim Y ′ i,j = g i,j for all i and j. Consider the point P 0 = E 1 × · · · × E r of Z defined above. Note that P 0 is then isogenous to a point of Y. Since P 0 is a product of pairwise non-isogenous elliptic curves, it follows from Lemma 4.2 that there exists an element β ∈ Sp(2g, Q) such that βP 0 ∈ Y. Then since αR ∈ A dec g [n] and
. Hence αβ ∈ Γ. However since βP 0 ∈ Y and Y ⊂ Z, we know β ∈ Γ λ . Moreover, by Lemma 6.2, we have that Γ λ is a group. So αβ ∈ Γ and β ∈ Γ λ together imply that α ∈ ΓΓ λ .
Lemma 6.4. The maximum dimension of the product Γ λ Γ µ for any λ, µ ∈ P is 2g 2 + g − 4.
Proof. We proceed by induction on g ≥ 2. If g = 2, then λ = µ = (1, 1) and Γ λ Γ µ = Γ λ ∼ = SL(2) × SL(2), which has dimension 6 = 2(2) 4 + 2 − 4. Hence assume the result holds for g − 1 and consider the case of genus g.
Let λ ′ and µ ′ be partitions of {1, . . . , g}. Then λ ′ is obtained from a partition λ = (λ 1 , . . . , λ s ) of {1, . . . , g − 1} by adjoining the element g to the component of λ in the j-th position, for some 1 ≤ j ≤ s + 1. Similarly µ ′ is obtained from a partition µ = (µ 1 , . . . , µ t ) of {1, . . . , g − 1} by adjoining the element g to the component of µ in the k-th position, for some 1 ≤ k ≤ t + 1.
Let ℓ j (λ) denote the length of the j-th component of λ and let ℓ k (µ) denote the length of the k-th component of µ, where these lengths are 0 if j = s + 1 or k = t + 1.
Note that for any m ≥ 1, we have dim Q Sp(2(m + 1), Q) − dim Q Sp(2m, Q) = 4m + 3. Hence it follows from Corollary 6.2 that
Now let d jk denote the set of elements of {1, . . . , g − 1} occurring in both λ j and µ k . Let ℓ d (jk) denote the length of d jk . Then since g is added to both λ j and µ k when forming λ ′ and µ ′ we obtain
Hence we have
By the pigeonhole principle, the maximum value that ℓ j (λ) + ℓ k (µ) − ℓ d (jk) can attain is g − 1. Thus by induction we obtain
In particular, we obtain as a consequence
Corollary 6.5. Fix a Shimura variety
, where
, then by Lemma 6.3 we have α ∈ ΓΓ λ , where λ ∈ P is the partition corresponding to the decomposition of |mathcalZ. But by Lemma 6.4 we have dim Q ΓΓ λ ≤ 2g 2 + g − 4, while dim Q Sp(2g, Q) = 2g 2 + g. In particular, we know that ΓΓ λ is a proper subvariety of Sp(2g, Q) of codimension ≥ 4. Hence α cannot be contained in ΓΓ λ since α is general in Sp(2g, Q). Therefore, we must have P ∈ A mdec g [n] and so αP ∈ A mdec g [n].
7. The Mumford-Tate group and connected monodromy A Z-(respectively Q-) Hodge structure V is an abelian group (respectively a Q-vector space) such that V C := V ⊗ Z C (respectively V C := V ⊗ Q C) comes equipped with a decomposition V C = ⊕ p,q V p,q such that V q,p = V p,q . This bigrading determines and is determined by a homomorphism
The Mumford-Tate group M T (V ) ⊂ GL(V ) of either a Z-or Q-Hodge structure V is the smallest Q-algebraic subgroup of GL(V ) whose real points contain the image of C * under the homomorphism h. It is sometimes more convenient to work with the special Mumford-Tate group SM T (V ) (also known as the Hodge group Hg(V )) which is the identity component of SL(V ) ∩ M T (V ). In other words SM T (V ) is the smallest Q-algebraic subgroup of SL(V ) containing the real points of the image of the unit circle U (1). For more on Mumford-Tate groups see for instance [Moo99] .
Recall that the derived group DG of an algebraic group G over a field k is the intersection of the normal algebraic subgroups N of G such that G/N is commutative. In what follows, we will consider the derived group DM T (V ) of the Mumford-Tate group of a Hodge structure V .
Given a variation of polarizable Z-(respectively Q-) Hodge structures V over a connected algebraic variety B, every fiber V b is a Z-(respectively Q-) Hodge structure and thus has a MumfordTate group M T (V b ). Moreover, for b ∈ B very general consider the monodromy representation 
where A b = f −1 (b). We will then refer to the connected monodromy T (A ) of the family A to mean the connected monodromy T (V) of the variation of Hodge structures V.
Since the connected monodromy group only depends on the Q-structure of the underlying variation of Hodge structures, for the purposes of computing connected monodromy we will only concern ourselves with Q-variations of Hodge structures. However the above equivalences of categories are helpful in thinking about the distinction between a complex abelian variety being decomposable (meaning that its corresponding Z-Hodge structure decomposes) and being non-simple (meaning that its corresponding Q-Hodge structure decomposes). However, by construction, since the point s is very general in S and S is obtained as a general complete intersection in Z, we have that s is also very general in Z. Moreover if Φ is the monodromy representation of the variation of V at the point s, the Theorem of the Fixed Part (see [Del71, Theorem 4 
Complete Families of Abelian Varieties with Fixed Decomposition Type
With the tools described in Sections 2-7 in place, we are now ready to present the main theorem. 
Proof. Let us suppose without loss of generality that g c,1 ≤ · · · ≤ g c,r and g v,1 ≤ · · · ≤ g v,s . For some fixed n ≥ 3, consider the product of moduli spaces
Let α be any general element of Sp(2g, Q). Then by Corollary 6.5, we have
Fixing a level n structure on the chosen abelian varieties A c,1 × · · · × A c,r , consider the subvariety of Z given by
. Moreover, it follows from Lemma 3.2, that the subvariety Y ∩ A mdec
Note that for any 1 ≤ j ≤ s and any indeterminate integer x, the value 1 2 x(2g v,j + 1 − x) achieves its minimum when x = 1 or x = 2g v,j in which case this minimum value is g v,j . Since g v,j ≥ 2 and so we also know 2g v,j − 2 ≥ g v,j , It follows that the value of the expression in (6) is at least g v,1 .
Moreover, recall from Example 2.1 that for any h ≥ 1 the Satake-Baily-Borel compactification
Thus by Proposition 7.2, we have that for any d ≤ g v,1 − 1, a general complete intersection of ample divisors on Y * yields a d-dimensional smooth projective subvariety X of Y\(Y ∩ A mdec g [n]). Moreover since the abelian varieties A v j are chosen to be general in A g v,j [n] (after imposing some level n structure) such a general complete intersection can be chosen to have very general fiber
Therefore we have produced a d-dimensional smooth projective variety X such that a very general fiber A of αX satisfies A ∼ A c,1 × · · · × A c,r × A v,1 × · · · × A v,s and such that for any general α ∈ Sp(2g, Q) we have αX ∩ A dec g [n] = ∅. After a possible base change, this αX yields a family A → B of indecomposable g-dimensional abelian varieties. It just remains to compute the connected monodromy group T (A ) of this family.
Since isogenous abelian varieties have isomorphic rational cohomology, Proposition 7.2 implies that the connected monodromy group T (A ) is a normal subgroup of
where
[n] and so in particular End Q (A v,j ) = Q for all j, we have (see
However by construction of X as a general complete intersection in Y * , we know that the monodromy representation of π 1 (X) acts non-trivially on all the V v,j for 1 ≤ j ≤ s. Since each Sp Q (V v,j ) is simple as a Q-algebraic group, it follows that
As discussed in the Introduction one of the motivations for the above Theorem 8.1 comes from the question of trying to understand groups arising as connected monodromy groups of fibered projective varieties in the vein of for instance [Ara17] . The above theorem thus yields the following immediate consequence: 
Applications to Kodaira Fibrations
As also discussed in the Introduction, another motivation for the above results comes from trying to understand Kodaira fibrations and their possible monodromy groups. Recall from Section 1.1 that a Kodaira fibration is a non-isotrivial fibration f : S → B of a smooth projective surface to a smooth algebraic curve B such that all fibers F of f are smooth algebraic curves. Applying Theorem 8.1 in the case g = 3 recovers a result originally obtained in [Fla] :
Corollary 9.1. For any choice of elliptic curve E, there exist infinitely many Kodaira fibrations f : S → B with fiber genus 3 such that the cohomology of a very general fiber F decomposes as H 1 (F, Q) = H 1 (E, Q) ⊕ W and the connected monodromy group of S is Sp Q (W ) ∼ = Sp(4, Q).
Proof. Let g = 3, h c = 1, and h v = 2, with λ c = (1) and λ v = (12). By choosing A c,1 = E and letting d = 1, Theorem 8.1 yields a 1-dimensional family of indecomposable abelian threefolds over a smooth algebraic curve C with the given monodromy group and whose fibers have the given cohomology decomposition. To show that this curve C actually parametrizes a family of curves, note first of all all indecomposable abelian threefolds lie in the image of Torelli map
The slight subtlety arises from the fact that this map is ramified exactly at the hyperelliptic locus, which has codimension 1 in M 3 [n] and is affine. Since our complete curve C is obtained as a general complete intersection, although C will not avoid the hyperelliptic locus, we can ensure that C intersects the hyperelliptic locus at finitely many general points P 1 , . . . , P k . Hence we do have a family of curves over C − {P 1 , . . . , P k }. As described for instance in [Cat17, Section 1.2.1], taking a double cover π : C ′ → C branched over a set of points that includes P 1 , . . . , P k yields a family of genus 3 curves with the desired property over the whole base C ′ , since the Kuranishi family of the each of the curves determined by the P i has a map to M 3 [n] which is a double covering ramified over the hyperelliptic locus.
Additionally, although it doesn't follow directly, may use the ideas of the proof of Theorem 8.1 to produce the following new construction of Kodaira fibrations with known connected monodromy group. we then obtain a smooth algebraic curve C obtained as a general complete intersection such that C parametrizes a family of indecomposable abelian fourfolds whose very general fiber has cohomology with the given decomposition. Moreover, since for a general abelian threefold A ∈ A 3 [n] with W = H 1 (A, Q), we have DM T (W ) = Sp Q (W ) [BL13, Prop 17.4 .2], which is simple as a Q-algebraic group, Proposition 7.2 also implies that this family has connected monodromy group Sp Q (W ) ∼ = Sp(6, Q).
As in the proof of Corollary 9.1, it remains to argue that this curve C actually parametrizes a complete family of curves. Identically to the proof in that case, since the Torelli map
is an immersion away from the hyperelliptic locus H 4 [n] which is affine and of codimension 2 in M 4 [n], we may ensure that if this complete curve C, obtained as a general complete intersection, intersects H 4 [n], it intersects it in finitely many general points. Then after taking a double cover C ′ → C branched over a set containing these points, we can ensure that C ′ really does parametrize a family of curves with the desired properties.
Unitary Monodromy Groups
We now consider abelian varieties with endomorphisms by a fixed imaginary quadratic field L in the interest of producing families with unitary connected monodromy group. Our main theorem producing such families is Theorem 10.4. The proof of Theorem 10.4 will use many of the same ideas as the proof of Theorem 8.1, however the proof of Theorem 8.1 relied crucially on the point P 0 , which was a product of pairwise non-isogenous elliptic curves. The principal differences we encounter in considering abelian varieties with endomorphisms by L are for one, that there is only one isogeny class of elliptic curves with endomorphisms by any fixed imaginary quadratic field. Thus there is not a good analogue of the point P 0 having endomorphisms by L which does not lie in A mdec g
[n]. We will define another point R 0 , which does not recover quite as much information as the point P 0 and thus should ostensibly lead to obtaining a worse bound on the possible dimension of the complete families we eventually produce. In fact, it turns out that the bound we obtain was already imposed by the additional difference we encounter in considering abelian varieties with endomorphisms by L, namely that the locus A mdec g
[n] occurs with much lower codimension (see Lemma 3.4).
We begin this section by introducing the point R 0 and some analogous results (Lemmas 10.1 and 10.2) for R 0 to those appearing in Section 6 for the point P 0 . Section 10.2 then introduces some of the necessary basics to compute the derived group of the Mumford-Tate group in the case we consider (Lemma 10.3). The above then provide the necessary tools to prove Theorem 10.4 and its resulting corollary, Corollary 10.5 about unitary groups arising as connected monodromy groups.
10.1. Imaginary quadratic multiplication and Hecke translation. As in Section 6, fix a point P 0 ∈ A g [n] given by a product
of pairwise non-isogenous elliptic curves, where we now require that none of the E i have CM.
Additionally, fix an imaginary quadratic field L and positive integers p, q determining the action of L on an abelian variety of dimension p + q ≥ 2 as in Example 2.2. Let E be an elliptic curve with CM by L and Z a simple abelian variety of dimension p + q − 1 such that
Then, letting r = g − (p + q) consider the point of A g [n]
where E 1 , . . . , E r are the same elliptic curves appearing in P 0 .
We then define a subgroup of Sp(2g, Q) given by
}. Let λ R 0 denote the partition of the set {1, . . . , g} given by (1, . . . , r, r + 1 · · · p + q).
Observe that if α ∈ Θ, then there exists a partition λ α of the set {1, . . . , g} such that αR 0 ∈ A dec g,λα [n] . Then since Z is simple we in fact have that R 0 ∈ A dec g,λα [n] . Hence by Lemma 6.1 it follows that α ∈ Γ λα . In particular α ∈ Γ. Thus we have the inclusion Θ ⊂ Γ.
Proof. Let Z be the connected Shimura subvariety of A p+q [n] through the point X parametrizing abelian varieties with an elliptic curve as a simple factor. Note that by construction, the point R 0 satisfies End Q (R 0 ) = Q r × L 2 and so, by Lemma 4.2, every isogeny class of R 0 is a polarized isogeny class. It follows that there exists a β ∈ Sp(2g, Q) such that βR 0 ∈ {E 1 × · · · E r } × Z. Thus βR 0 lies in A dec
However by construction R 0 ∈ A dec g,λ R 0
[n] and now we have established βR 0 ∈ A dec g,λ R 0
[n]. Therefore by Lemma 6.1 it follows that β ∈ Γ λ R 0 .
Then since αQ ∈ A dec g [n] and βR 0 has the same decomposition type as Q, it follows from Lemma 5.2 that α(βR 0 ) ∈ A dec g [n]. Hence αβ ∈ Θ. But we know β ∈ Γ λ R 0 and by Corollary 6.2 that Γ λ R 0 is a group. Therefore it follows that α ∈ ΘΓ λ R 0 .
Proof. Suppose that the abelian variety Y is simple. We know that L ֒→ End Q (Y ) and that the E i are pairwise non-isogenous and do not have CM. Therefore Y is not isogenous to any of the E i or any product of the E i . Hence the point Q is not in A mdec
, it follows from Lemma 6.3 that α ∈ ΓΓ λ for some partition λ ∈ P. However since Γ = λ∈P Γ λ , we know from Lemmas Lemmas 6.2 and 6.4 that ΓΓ λ is a proper subvariety of Sp(2g, Q). Since α is general, we thus cannot have α ∈ ΓΓ λ . Therefore Y is not simple.
Thus consider the decomposition
i , where recall that we assume that none of the A i are isogenous. If all the n i = 1 and there exists some j such that dim A j = 1, we may write Y ∼ E ′ × Y ′ for some elliptic curve E ′ and some abelian variety Y ′ of dimension g − r − 1. Since all the n i = 1, we know that E ′ cannot be a simple factor of
By assumption we know that none of the E 1 , . . . , E r have CM. In particular, none of E 1 , . . . , E r can be isogenous to E ′ . Moreover, since we are assuming that all n i = 1 in the isogeny decomposition of Y none of the E 1 , . . . , E r can be isogenous to a simple factor of Y . Hence the point Q is not an element of A mdec
, it then follows from Lemma 10.1 that α ∈ ΘΓ λ R 0 . But since Θ ⊂ Γ is follows that α ∈ ΓΓ λ R 0 . But by the same argument as above, this is impossible since ΓΓ λ R 0 is a proper subvariety of Sp(2g, Q) and α is assumed to be general.
Therefore it must be the case that in the isogeny decomposition
10.2. Imaginary quadratic multiplication and the Mumford-Tate group. For a fixed imaginary quadratic field L and positive integers p, q, recall the notation Z L (p, q) introduced in Example 2.2 to denoting the pq-dimensional Shimura variety in A p+q [n] parametrizing (p + q)-dimensional abelian varieties A with level n structure such that L ֒→ End Q (A) via the prescribed action given by the integers (p, q).
The groups U (D V , − ) and SU (D V , − ) are Q-forms of the groups U (p, q) and SU (p, q) respectively (see for instance [KMRT98] ). Now note that since M is the Mumford-Tate group of a general point of Z L (p, q), the group M is determined solely by the data of the polarized Q-Hodge structure V = H 1 (A, Q) together with the embedding L ֒→ End Q (A) via the choice of (p, q) and the connected component Z L (p, q). However by construction H(Q) preserves V = H 1 (A, Q) together with its action by L and so, because H is connected, the group H(Q) also preserves Z L (p, q). Hence, since H is a connected group over the perfect field Q, we have that H(Q) normalizes the group M [Bor91, Corollary 18.3]. So, since M ⊂ H, it follows that M is in fact a normal subgroup of H = U (D V , − ).
Since the group SU (D V [n])∪S). Moreover we can ensure that this general complete intersection X has the property that a very general fiber A of the universal family U of X will be of the form A ∼ E 1 × · · · × E r × Z, for Z the given general point of Z L (p, q). By Proposition 7.2, the connected monodromy group T (U ) is then a normal subgroup of DM T (V ), where V = H 1 (Z, Q). Since by Lemma 10.3, we have DM T (V ) = SU (D V , − ) and SU (D V , − ) is a Q-simple group, it follows that T (U ) = SU (D V , − ).
Therefore for any general element α of Sp(2g, Q), we have that αX is a d-dimensional smooth algebraic subvariety of αY such that αX ∩ A dec g [n] = ∅. So indeed after possible base change, this αX yields a complete family of indecomposable g-dimensional abelian varieties with the desired properties.
Once again, in the direction of understanding groups arising as connected monodromy groups of fibered projective varieties, the above theorem thus yields the following immediate consequence: Proof. Let m = g ′ − (p + q). Note that by assumption m ≥ 1. Hence let fix pairwise non-isogenous elliptic curves E 1 , . . . , E m without CM. The result then follows from Theorem 10.4.
